The aim of this article is to perform the estimation procedures on rayleigh parameter in step-stress partially accelerated life tests (PaLT) under both Type-I and Type-II censored samples in which all the test units are first run simultaneously under normal conditions for a pre-specified time, and the surviving units are then run under accelerated conditions until a predetermined censoring reached. It is assumed that the lifetime of the test units follows rayleigh distribution. The maximum likelihood estimates are obtained for the proposed model parameters and acceleration factor for each of Type-I and Type-II censored data. In addition, the asymptotic variances and covariance matrix of the estimators are presented, and confidence intervals of the estimators are also given.
Introduction
The concept of accelerated life testing (aLT) was first introduced by [12] and Bessler [6] . The main purpose of using aLT is to collect the sufficient failure time data of life testing units in shorter period of time. Because many manufactured units/ products have a long life and standard life testing of such units are time consuming, very expensive and may not be purposeful. Therefore, aLT is recommended to use. [17] first elaborated the concept of step-stress aLT, in which the stress can be applied in different ways, commonly used methods are constant-stress, step-stress and progressive-stress. Many other authors like; [18] , [8] , [16] , [15] , [9] , [10] and [11] gave some more applications and attempted the work in this direction.
In the case of aLT, the acceleration factor is assumed as a known value or there is a known mathematical model which specifies the relationship between lifetime and stress conditions. But in some situations such life-stress relationship are not known and cannot be assumed. Therefore, in such cases, partially accelerated life tests (PaLTs) are better criterion to perform life test to estimate the acceleration factor and parameters of the life distribution. The concept of PaLT was firstly introduced by [14] in which a test unit is first run at use condition and if it does not fail for a pre-specified time 'τ', the test is switched to the higher level of stress for testing until all the unit fails or censoring reached. The effect of this switch is to multiply the remaining lifetime of the unit by an unknown factor which is called acceleration factor β. where Y denotes the lifetime of unit at normal use condition. [14] considered the estimation problem using maximum likelihood (ML) and Bayesian methods for estimating the parameters of the Exponential and Uniform distribution. [13] studied the problem of estimation for acceleration factor and Exponential parameters by using Bayesian approach with different loss functions for complete data set in step-stress PaLT. [7] also estimated the parameters of the Weibull distribution and acceleration factor using ML method in step-stress PaLT. [4] reported ML method for estimating the acceleration factor and scale parameter of Exponential distribution under type-1 censoring. [5] estimated parameters of the lognormal distribution and acceleration factor using ML method under type-1 censored data. recently, [20] developed ML method for estimating the parameters and acceleration factor of the Weibull distribution under multiply censored data. For more details, see [3] , [2] and [1] . This paper deals with the step-stress PaLT for rayleigh distribution under Type-I and Type-II censored case. Where the performance of the parameter estimators are investigated on the basis of mean square error (MSE), relative absolute bias (raBias) and relative error (rE) based on simulation data. Moreover, the asymptotic variances and covariance matrix and confidence interval of the estimators are obtained.
In addition to this introductory section this article includes some more sections too. In section 2 the proposed model and assumption are described. Section 3 presents maximum likelihood estimation (MLEs) under Type-I and Type-II censoring. In section 4 confidence intervals of the model parameter and acceleration factor are described. Simulation studies to illustrate the theoretical results are given in section 5. Finally, the conclusion of the study is discussed in section 6.
The Model Description and Assumptions
This section describes the notation and introduces the assumed model for product life and test procedure also. 
Notations used
are the ordered failure times in case of Type-I and Type-II censoring, respectively.
The rayleigh distribution has played an important role in the modeling the lifetime of random process and having many applications, including reliability, life testing and survival analysis. The probability density function (p.d.f.) is given below as
and the cumulative density function is
The reliability function is 
Maximum Likelihood Estimation
In this section the MLEs of the acceleration factor and scale parameter in stepstress PaLT are obtained under Type-I and Type-II censoring. The lifetime of test unit is assumed to fellow the rayleigh distribution with p.d.f. given in equation (1) . Therefore, the p.d.f. of the total lifetime Y of an item in step-stress PaLT is given by f y f y y f y y
Where f y y y 
On maximizing the natural logarithm of the equation (3.3), the maximum likelihood estimates of β and θ can be obtained. after taking the log of above equation (3.3) , it can be written as 
where, n n n u a 0 = + We observe that likelihood equations (3.6) and (3.7) are difficult to solve as these are functions of population parameters which are themselves functions of the solutions of these equations. Due to this difficulty, it is not possible to find exact solutions. We shall therefore, find MLE solutions ˆ,β θ ( ) through iterative procedure.
The asymptotic variances and covariance of the estimates are given by the elements of the inverse of the Fisher information matrix. Since, the exact mathematical expression for the expectation is too difficult to find. So, it can be approximated by numerically inverting the asymptotic Fisher information matrix, which is obtained from the negative of second and mixed partial derivatives of the natural logarithm of the likelihood function evaluated at the estimates of the parameters. So, asymptotic Fisher information matrix can be written as
The elements of the above matrix F can be expressed by the following equations where, r n n u a = + Therefore, after substituting the values of f 1 (y), f 2 (y) and r(y (r) ), the likelihood function of the sample is given by
On maximizing the natural logarithm of the above equation (3.13), the maximum likelihood estimates of β and θ can be obtained. after taking the log of above equation (3.13) , it can be written as where, n n n u a 0 = + Obviously, it is very difficult to obtain a closed form solution for two nonlinear equations (3.21) and (3.22). We shall therefore, find MLE solutions ˆ,β θ ( ) through iterative procedure. It is known that the MLEs, for large sample size under appropriate regularity conditions, are consistent and normally distributed. Therefore, the two-sided approximate 100 ε% confidence limits for a population parameter can be constructed as follows:
where, z is the [100(1-ε)/2] th percentile of the standard normal. Therefore, the two-sided approximate ε100% confidence limits for β and θ are given respectively as follows: 
Simulation Studies
The simulation studies have been performed using r software for illustrating the theoretical results of estimation problem. The performance of the resulting estimators of the acceleration factor and scale parameters has been considered in terms of their MSE, raBias and rE. Furthermore, the asymptotic variances and covariance matrix and confidence intervals of the acceleration factor and scale parameter are obtained. The simulation procedures were performed in following steps as
Step 1: 1000 random samples of sizes 50(50) 400 and 500 were generated from rayleigh distribution. The generation of the rayleigh distribution is very simple, if U has a uniform (0, 1) random number, and then
θ log / follows a rayleigh distribution. The true parameter values are chooses as (β=1.25, θ=2) and (β=1.75, θ=1.5) in case of Type-I censoring and (β=1.25, θ=2) and (β=1.75, θ=1.8) for Type-II censoring.
Step 2: Choosing the stress changing time τ at normal condition to be τ=2 and censoring time Y c =5 in case of Type-I censoring and the total number of failure in the test of a PaLT to be r=0.75n in case of Type-II censoring.
Step 3: For each sample and for the two sets of parameters, the acceleration factor and the scale parameters of distribution were estimated in PaLT under Type-I and Type-II censored sample by using optim() function in r software.
Step 4: The raBias, MSE, and rE of the estimators for acceleration factor and scale parameter for all sample sizes and for two sets of parameters were tabulated.
Step 5: The asymptotic variance and covariance matrix of the estimators for different sample sizes were obtained.
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Step 6: The confidence limit with confidence level = 0.95 γ and = 0.99 γ of the acceleration factor and scale parameters were constructed.
Simulation results are summarized in Tables 1-6. Tables 1-3 represents the findings for the case Type-I censoring, in which Table 1 gives the MSE, raBias and rE of the estimators, the asymptotic variances and covariance matrix of the estimators are given in Table 2 and the approximated confidence limits at 95% and 99% confidence level are presented in Table 3 . Similarly, Tables 4-6 represents the results for the case of Type-II censoring, where MSE, raBias and rE are presented in Table 4 , the asymptotic variances and covariance matrix of the estimators are given in Table 5 and the approximated confidence limits at 95% and 99% confidence level are presented in Table 6 . The first entire of each parameter is for 95% significance level and second for 99%. The first entire of each parameter is for 95% significance level and second for 99%.
Findings
From these tables, we can be made the following observations on the performance of SS-PaLT parameter estimation of the rayleigh distribution:
1. For the second set of parameters (β=1.75, θ=1.5), the maximum likelihood estimators have good statistical properties than the first set of parameters (β =1.25, θ =2) for all sample size for Type-I censoring (Table 1) ; and for Type-II censoring the first set of parameters (β =1.25, θ =2), the maximum likelihood estimators have good statistical properties than the second set of parameters (β = 1.75, θ=1.8) for all sample size (Table 4 ). 2. as the sample sizes increases the MSE and raBias of the estimated parameters decreases. This indicates that the maximum likelihood estimates provide asymptotically normally distributed and consistent estimators for the parameters and acceleration factor in both cases of censoring. 3. The asymptotic variances of the estimators are decreases as sample size is increasing ( Table 2 and Table 5 ). 4. The interval of the estimators decreases when the sample size is increasing.
also, it can be seen that the interval of the estimators at 95% confidence level is smaller than the interval of estimators at 99% confidence level (Table 3 and Table 6 ).
Conclusion
In this article, we considered the testing step-stress PaLT for the rayleigh distribution under Type-I and Type-II censored data. In step-stress PaLT, the items are run at both normal and accelerated conditions. Under Type-I censoring, the test unit is first run at normal use condition, and if it does not fail for a specified time τ, then it is run at accelerated condition until censoring time Y c is reached. While, in the case of Type-II censoring, the test unit is first run at normal use condition, and if it does not fail for a specified time τ, then it is run at accelerated condition until number of failures r is reached. We present the performance of the ML method to estimate the rayleigh parameter and acceleration factor in step-stress PaLT for Type-I and Type-II censoring case. The simulation results show that the ML method performs well in most cases in terms of the MSE, raBias and rE. hence, we could conclude that the second set of parameters have good statistical properties than the first set of the parameters for all sample sizes for Type-I and vise versa for Type-II censoring. It is also observed from numerical that MLE are consistent and asymptotically normally distributed. Thus, ML method is a good approach to estimate the parameters of the rayleigh distribution and the accelerated factor in step-stress PaLT under censored data. The further research could be used other methods such as the expectation maximization (EM) algorithm to estimating the parameters of rayleigh distribution and the accelerated factor in step-stress PaLT under Type-I and Type-II and multiply censored data or progressive censoring.
Acknowledgement

